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1. $\overline{R}\in \mathbb{C}^{Nxs}$ . $v\in \mathbb{C}^{N}$ , $v$ 1 , $v\perp\overline{R}^{2}$’
, $v$ $\overline{R}$ .
2. $C$ $N\cross s$ , $Ce_{j}$ $Ci=1,2,$ $\ldots,$ $s$) $C$ $j$ .
3. $u=v-C\beta$ , , .
$u,$ $v$ $N$ , $C$ , $N\cross s$ , $\beta$ $s$ . $v,$ $C$
, $u$ , $Nxs$ $\overline{R}$ $\beta$
, $u$ , :
$u=v-C\beta$ such that $u\perp\overline{R}$.
, , $A$ $Au$ $\overline{R}$
$\beta$ , $u$ , :
$u=\nu-C\beta$ such that $Au\perp\tilde{R}$.
1. $B$ $NxN$ , $\tilde{R}$ $N\cross s$ , $’\kappa_{k}(B,\overline{R})$ :
k $(B, \overline{R})\equiv\{\sum_{j=0}^{k-1}B^{j}\tilde{R}\gamma_{j}|\gamma_{j}\in \mathbb{C}^{s}\}$ .








$r_{k+1}=r_{k}$ $\alpha_{k}Au_{k}$ such that $r_{k+1}\perp\tilde{r}_{k}$ ,
$u_{k+1}=r_{k+1}-\beta_{k+1}u_{k}$ such that $Au_{k+1}\perp\tilde{r}_{k}$ ,
(1)
$r_{k}$ , $u_{k}$ :
$r_{k},Au_{k}\perp K_{k}(A^{*}, f_{0})$ . (2)
, $r_{k}$ , $k=N$ $K_{N}(A^{*}, \tilde{r}_{0})=\mathbb{C}^{N}$ $r_{N}=0$,
$k\leq N$ . , , $\tilde{r}_{k}$
. q$\sim$k( $0$ $k$ $\overline{s}_{k}:=\tilde{q}_{k}(A^{r})\tilde{r}_{0}$ , $\tilde{r}_{k}$ $\tilde{s}_{k}$
, (1)
( , ):
$\{\begin{array}{l}r_{k+1}=r_{k}-\alpha_{k}Au_{k} such that r_{k+1}\perp\tilde{s}_{k},(3)u_{k+1}=r_{k+1}-\beta_{k+1}u_{k} such that Au_{k+1}\perp\tilde{s}_{k}.\end{array}$
, (1) $\alpha_{k},\beta_{k+1}$ :
(4)$\{_{\beta_{k+1}}^{\alpha_{k}}$ $= \frac{\frac{(r_{k},\tilde{s}_{k})}{\}_{Ar_{k+1_{1}}}^{Au_{k},\tilde{s}_{k})}(Au_{k},\tilde{s}_{k}’}s_{k})}{)}==\frac{\tau_{k}}{\mathcal{T}k+1}\frac{(r_{k+1},\tilde{s}_{k+1})}{(Au_{k},\tilde{s}_{k})}$
.
, $\tau_{k}$ $\tilde{q}_{k}(t)$ .
Bi-CG , ,
:
$(r_{k},\tilde{s}_{k})=(r_{k},\tilde{q}_{k}(A^{*})\tilde{r}_{0})=(\tilde{q}_{k}(A)r_{k},\tilde{r}_{0}),$ $(Au_{k},\tilde{s}_{k})=(A\tilde{q}_{k}(A)u_{k},\overline{r}_{0})$ . (5)
, Bi-CG . (i) $r_{k},$ $u_{k},x_{k},\dot{s}_{k}$ ,
$\tilde{q}_{k}(A)r_{k},\tilde{q}_{k}(A)u_{k}$, . shadow residual $\tilde{r}_{0}$ . ,
$\tilde{q}_{k}(A)r_{k}$ . (ii) (i) , $\tilde{q}_{k}(A)$ ,
. (iii) (i) $\tilde{q}_{k}(A)r_{k},\tilde{q}_{k}(A)u_{k}$ , $r_{k},$ $u_{k}$
, (4), (5) $\tilde{q}_{k}(A)r_{k}$, 4k( )uk, $\tilde{r}_{0}$ , Bi-CG $\alpha_{k},\beta_{k+1}$ .






. , . $k=mL$ . , $p_{i}(t)(i=1,2, \ldots)$ $p_{i}(O)=1$
$L$ . , $k$ $Q_{k}$ :
$Q_{k}(t)=p_{m}(t)\ldots p_{2}(t)p_{1}(t)$ .
, Bi-CG $\text{ _{}k}$ , $u_{k}$ , $u_{k}^{B}$
, :
$r_{k}\equiv Q_{k}(A)r_{k}^{B}$ , $u_{k-1}\equiv Q_{k}(\Lambda)u_{k-1}^{B}$ .
, , k . Bi-CGSTAB$(L)$
, $[r_{0}, x_{0}, u_{-1}]$ ,
$[r_{L},x_{L}, u_{L-l}],$ $[r_{2L},x_{2L}, u_{2L-1}],\ldots$ , $L$ . 1 ,
Bi-CG part, MR part ( 1 ).
1 Bi-CGSTAB$(L)$ 1
Bi-CG part , Bi-CG $\beta_{k},$ $\alpha_{k},$ $\beta_{k+1},$ $\alpha_{k+1},\ldots$ , $\beta_{k+L-1},$ $\alpha_{k+L-1}$ ,
, $Q_{k}r_{k}^{B},$ $Q_{k}u_{k-1}^{B}$ , $Q_{k}r_{k+L}^{B}$ , ..., $A^{L}Q_{k}r_{k+L}^{B}$
$Q_{k}u_{k+L-1}^{B},$ $\ldots,A^{L}Q_{k}u_{k+L-1}^{B}$ .
MR part , Bi-CG part , $r_{k+L}$ $u_{k+L-}[$ . ,
$p_{m+1}(t)=1-\gamma_{1’’}^{(t+1)}t-\cdots-\gamma_{L}^{(m+1),L}$ $\gamma_{1}^{(m+1)},$ $\ldots,\gamma_{L}^{(m+1)}$ , $r_{k+L}$
.
find $\gamma_{1}^{(m+1)},$ $\ldots,\gamma_{L}^{(m+1)}$ such that $\min||Q_{k}r_{k+L}^{B}-\sum_{i--1}^{L}\gamma_{i}^{(m+1)}A^{i}Q_{k}\text{ _{}k+L}^{B}||_{2}$
. $p_{m+1}(t)$ , $Q_{k+L}(t)=p_{m+1}(t)Q_{k}(t)$ ,
$\{\begin{array}{ll}Q_{k+L}r_{k+L}^{B} =Q_{k}r_{k+L}^{B}-\sum_{i=1}^{L}\gamma_{i}^{(m+1)}A^{i}Q_{k}r_{k+L}^{B},Q_{k+L}u_{k+L-1}^{B} =Q_{k}u_{k+L-1}^{B}-\Sigma_{i=1}^{L}\gamma_{i}^{(m+1)}A^{i}Q_{k}u_{k+L-1}^{B}\end{array}$
, Bi-CG part , $r_{k+L},u_{k+L-}i$
. [4] .
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3 shadow residual Bi-CG
, $\tilde{R}_{0}$ $N\cross s$ . Bi-CG , $k$ $r_{k}$
,
$r_{k}\perp\prime K_{k}(A’,\tilde{r}_{0})$
, shadow residual Bi-CG , :
$r_{k}\perp\prime K_{k}(A^{*},\overline{R}_{0})$ (6)
. , 2 .
3.1 BI-CG$(s)$
2008 , Sleijpen , [5] shadow residual Bi-CG ( Bi-CG$(s)$
$*$ 1 ) . Bi-CG$(s)$ , shadow residual , Bi-CG
( (1)) ($u_{k}$ $N\cross s$ $U_{k}$ ) , (6)
( 1).
] Bi-CG$(s)$
set $x_{0}$ and calculate $r_{0}=b-Ax_{0}$
set $N\cross s$ matrix $U_{0}=[\text{ _{}0},Ar_{0}, \ldots,A^{s-1}r_{0}]$
$k=0$
while $||r_{k}||>\epsilon$
$\prime_{k+1}’=r_{k}-AU_{k}\alpha_{k}$ such that $r_{k+1}\perp\tilde{R}_{k}$
$x_{k+1}=x_{k}+U_{k}\alpha_{k}$
$v=r_{k+1}$
for $j=1,$ $\ldots,$ $s$
$U_{k+1}e_{j}=\nu-U\phi_{k+1})$ such that $AU_{k+1}e_{j}\perp\tilde{R}_{k}$
$\nu=AU_{k+1}e_{j}$
end for
$k=k+1$ , update $\overline{R}_{k}$
end while
, shadow residual $\tilde{R}_{k}$ $(k=0,1, \cdots , K-1)$ , $\overline{R}_{0},$ $\ldots,\tilde{R}_{K-1}$ ,
$K_{K}(A^{*},\tilde{R}_{0})$ . , $\overline{R}_{k}=(A^{*})^{k}\tilde{R}_{0}$ , , $\Phi_{k}(t)$ $k$
( ) $\tilde{R}_{k}=\Phi_{k}(A^{*})\tilde{R}_{0}$ .




1([5]). Bi-CG$(s)$ , $k$ , $0\leq i<k$ , $\alpha_{i}(s)(s$
$\alpha_{i}$ $s$ ) $\neq$ 0 . .
a$)$ $r_{k}\in K_{ks+1}(A, r_{0})-K_{ks}(A, r_{0})$ .
b$)$ $\text{ _{}k},AU_{k}e_{j}\perp\prime K_{k}(A^{*},\tilde{R}_{0})$.
1 , generic , .
, Bi-CG$(s)$ .
, b) $r_{\lceil N/s}]=0$ . , 1 $2s$ . ,
$2s\cross N/s=2N$ Bi-CG$(s)$ .
3.2 GBi-CG$(s)$
Bi-CG$(s)$ , $k+1$ $U_{k+}[ej$ $s$
$U_{k}$ , . $U_{k+}ieJ$
( GBi-CG$(s)$ ).
, Bi-CG$(s)$ , ,
.
2 GBi-CG$(s)$
set $x_{0}$ and calculate $r_{0}=b-Ax_{0}$
set $N\cross s$ matrix $U_{0}=[r_{0},Ar_{0}, \ldots,A^{s-1}r_{0}]$
$k=0$
while $||r_{k}||>\epsilon$
$r_{k+1}=r_{k}-A$Ukak such that $r_{k+1}\perp\tilde{R}_{k}$
$x_{k+1}=x_{k}+U_{k}\alpha_{k}$
$U_{k+1}e_{1}=r_{k+1}-U_{k}\beta_{k}^{1)}$ such that $AU_{k+1}e_{1}\perp\tilde{R}_{k}$
$v=AU_{k+1}e_{1}$
for $j=2,$ $\ldots,$ $s$
set $U_{k}^{0)}=[r_{k+1},\Lambda U_{k+1}e_{1}, \ldots,AU_{k+1}e_{j-2}, U_{k}e_{j}, \ldots, U_{k}e_{s}]$
$U_{k+1}e_{j}=\nu-\phi_{k}^{\gamma_{\beta_{k+1}^{\circ)}}}$ such that $AU_{k+}ie_{j}\perp\tilde{R}_{k}$
$v=AU_{k+1}e_{j}$
end For
$k=k+1$ , update $\overline{R}_{k}$
end while
GBi-CG$(s)$ , Bi-CG$(s)$ 1 .
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2. GBi-CG$(s)$ , $\sigma_{k}:=\tilde{R}_{k}^{*}AU_{k},$ $\sigma_{k}^{(;)}:=\tilde{R}_{k}^{*}AU_{k}^{\circ)}$ . , $U_{k}’$
$N\cross s$ , $U_{k}’:=[r_{k},AU_{k}e_{1}, \ldots,AU_{k}e_{s-}|]$ , $\sigma_{k}’:=\overline{R}_{k}^{*}U_{k}’$ . ,
$i<k$ $i$ $\sigma_{i},\sigma_{i}’,$ $\sigma_{i}^{0)}(j=2, \ldots, s)$ , :
a$)$ $k$ .
b$)$ $r_{k}\in KA,K_{ks}(A, r_{0})$ .
c$)$ $AU_{k}e_{j}$ $(J^{\cdot} =1, \ldots, s)\in K_{ks+j+1}(A, r_{0})-\prime K_{ks+j}(A, r_{0})$.
d$)$ $i_{k},$ $AU_{k}e_{j}(i=1, \ldots, s)\perp K_{k}(A^{*},\tilde{R}_{0})$ .
2 , generic , . ,
, GBi-CG$(s)$ ,
Bi-CG$(s)$ , $2s\cross N/s=2N$ .
4 GBi-CGSTAB$(s,L)$
, GBi-CG$(s)$ , $L$
, GBi-CGSTAB$(s,L)$ . , GBi-CGSTAJ3$(s,L)$ $L$
, Bi-CG , Bi-CGSTAB$(L)$
.
4.1
, GBi-CG$(s)$ $U_{k},$ $U_{k}^{0)},$ $\text{ _{}k}$
$U_{k}^{GB},$ $U_{k}^{0),GB},$ $r_{k}^{GB}$ . , $k=mL$ , $p_{l}(t)(i=1,2, \ldots)$ $L$ $p_{i}(O)=1$
. , $k$ $Q_{k}(t)$ $Q_{k}(t)=p_{m}(t)\cdots p_{2}(t)p_{1}(t)$ . ,
Bi-CGSTAB$(L)$ , , :
$r_{k}\equiv Q_{k}(A)r_{k}^{GB}$ , $U_{k-1}\equiv Q_{k}(A)U_{k-1}^{GB}$ .
, $x_{k}$ , $r_{k}$ . $k=mL$
, GBi-CGSTAB$(s,L)$ , , , $s$ $[r_{0},x_{0}, U_{-1}]$
, $[r_{L},x_{L}, U_{L-1}],$ $[r_{2L},x_{2L},$ $U_{2L-}$ il $L$ , ,
, GBi-CG$(s)$ part MR part
( 2).
GBi-CG$(s)$ part , i-ffi step iteration $i=0,$ $\ldots,L-1$ $Q_{k}r_{k}^{GB},$ $QU_{k-1}^{GB}$
, $Q_{k}r_{k+L}^{GB}$ , ..., $A^{L}Q_{k}r_{k+L}^{GB}$ $Q_{k}U_{k+L-1}^{GB},$ $\ldots,A^{L}Q_{k}U_{k+L-1}^{GB}$ ( 3).
MR part , GBi-CG(s) part , $r_{k+L}$ $U_{k+L-i}$ ( 4).
, $p_{m+1}(t)=1-\gamma_{1}^{(m+1)}t-\cdots-\gamma_{L}^{(m+1)}t^{L}$ $\gamma_{1}^{(m+1)},$ $\ldots,\gamma_{L}^{(m+1)}$ ,
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, $r_{k+L}$ .
find $\gamma_{1}^{(m+1)},$ $\ldots,\gamma_{L}^{(m+1)}$ such that $\min||Q_{k}r_{k+L}^{GB}-\sum_{i=1}^{L}\gamma_{i}^{(m+1)}A^{i}Q_{k}r_{k+L}^{GB}||_{2}$
. $p_{m+1}(t)$ , $Q_{k+L}(t)=p_{m+1}(t)Q_{k}(t)$ ,
$\{\begin{array}{ll}Q_{k+L}r_{k+L}^{GB} =Q_{k}r_{k+L}^{GB}-\Sigma_{i=1}^{L}\gamma_{i}^{(m+1)}A^{i}Q_{k^{\text{ _{}k+L’}^{GB}}}Q_{k+L}U_{k+L-1}^{GB} =Q_{k}U_{k+L-1}^{GB}-\Sigma_{i=1}^{L}\gamma_{i}^{(m+1)}A^{i}Q_{k}U_{k+L-1}^{GB}\end{array}$
, , $r_{k+L},$ $U_{k+L-i}$ .
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GBi-CG$(s)$ part , .
GBi-CG$(s)$ part i-th step iteration , input: $A^{j}Q_{k}r_{k+i}^{GB},A^{j}Q_{k}U_{k+i-1}^{GB}(i=0, \ldots, l)$ ,
output : $A^{j}Q_{k^{\text{ _{}k+i+1}^{GB}}},\Lambda^{j}Q_{k}lF_{k+i}^{B}(j=0, \ldots, i+1)$ ( 5).
2 GBi-CGSTAB$(s, L)$ 1 3GBi-CG$(s)$ part
, i-th step iteration . i-th step iteration , GBi-CG$(s)$
, GBi-CG$(s)$ ,
. , $\beta_{k+i}^{(1)},$ $\ldots,\beta_{k+i}^{s)},a_{k+i}$ ,
, .
2 $\beta_{k+i}^{1)}$ . $A^{j}Q_{k}U_{k+i-1}^{GB}ei0=0,$
$\ldots,$
$\iota$) ,
$:A^{j}Q_{k}rP_{k+i}^{B}ei=A^{j}Q_{k}r_{k+i}^{GB}-A^{j}Q_{k}U_{k+i-1}^{GB}\beta_{k+i}^{1)}$ , , $A^{j}Q_{k}U_{k+i-1}^{CB}eiarrow A^{j}Q_{k}U_{k+i}^{GB}ei(i=$
$0,$
$\ldots,$
$l)$ . , , $A^{i}Q_{k}$ $A$ , $A^{i+1}Q_{k}U_{k+i}^{GB}$
. , $Q_{k}U_{k+i-1}^{(2),GB}$ , ..., $A^{i}Q_{k}U_{k+i-1}^{(2),GB}$ .
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MR(minimum residual) part
, 2 , $\beta_{k+i}^{(2)}$ .
, $A^{j}Q_{k}U_{k+i-1}^{GB}e_{2}(j=0, \ldots, l)$ , : $A^{j}Q_{k}U_{k+i}^{GB}e_{2}=A^{j+1}Q_{k}U_{k+i+1}^{GB}e_{1}-A^{j}Q_{k}U_{k+i-1}^{(2).GB}\beta_{k+i}^{2)}$
, , $A^{j}Q_{k}U_{k+i-1}^{GB}e_{2}arrow A^{j}Q_{k}U_{k+i}^{GB}e_{2}(i=0, \ldots, i)$ .
$A^{i}Q_{k}U_{k+i}^{GB}e_{2}$ $A$ , $A^{i+1}Q_{k}U_{k+i}^{GB}e_{2}$ { . ,
$Q_{k}U_{k+i-1}^{(3),GB},$ $\ldots,A^{i}Q_{k}U_{k+i-1}^{(3),GB}$ .
, $A^{j}Q_{k}U_{k+i}^{GB}e|,$ $A^{j}Q_{k}U_{k+i}^{GB}e_{2},\ldots,$ $\Lambda^{j}Q_{k}U_{k+i}^{GB}e_{s}$ ,
, $Q_{k}U_{k+i}^{GB}(i=0, \ldots, i+1)$ . $U$ , $r$
, 2 $a_{k+i}$ . $i=0,$ $\ldots,$ $i$ , :
$\Lambda^{j}Q_{k}r_{k+i+1}^{GB}=A^{j}Q_{k}r_{k+i}^{GB}-A^{j+1}Q_{k}U_{k+i}^{GB}\alpha_{k+i}$ , $A^{j}Q_{k}r_{k+i}^{GB}arrow\Lambda^{j}Q_{k}r_{k+i+1}^{GB}(j=0, \ldots, l)$
. , $A^{i}Q_{k}r_{k+i+1}^{GB}$ $A$
$\Lambda^{i+1}Q_{k}r_{k+i+1}^{GB}$
, output i-th step , ,
$s+1$ , output .
, , , $\text{ _{}k+L}$
, GBi-CG(s)part , $(s+1)L$ .
, $a_{k},\beta_{k}^{(t)}$ . , $s\cross s$ $M$ $s$
$m$ . $\alpha_{k}$
, $\beta_{k}^{1)}$ $\beta_{k}^{(t)}(t=2, \ldots, s)$ .
$\beta_{k}^{(1)}$
$[i>0$ $]$ $\beta_{k+1}^{1)}$ , $A^{j}Q_{k_{k+i}^{\text{ ^{}GB}}}(i=0, \ldots,i)$
$A^{j}Q_{k}U_{k+i-1}^{CB}$ et $(i=0, \ldots, i)(t=1, \ldots, s)$ . $A^{i}Q_{k}U_{k+i-1}^{GB}$ . $A^{i}Q_{k}r_{k+i}^{GB}-$
$A^{i}Q_{k}U_{k+i-1}^{GB}\beta\perp\tilde{R}_{0}$ , $\beta$ , 2 , $\tilde{R}_{k+i-1}=(A^{*})^{\vdash 1}Q_{k}(A^{*})\tilde{R}_{0}$
, $Ar_{k+i}^{GB}-AU_{k+i-1}^{(1)}\beta_{k+i}^{1)}\perp\tilde{R}_{k+i-1}$ . , , $\beta_{k+i}^{(1)}=$
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$(\tilde{R}_{0}^{*}A^{i}Q_{k}U_{k+i-1}^{GB})^{-1}(\overline{R}_{0}^{t}A^{i}Q_{k}r_{k+i})$ . ,
$m=\overline{R}_{0}^{*}A^{i}Q_{k}r_{k+i}^{GB},$ $Me_{t}=\overline{R}_{0}^{*}A^{i}Q_{k}U_{k+i-1}^{GB}e_{t}(t=1, \ldots,s)$ , $\beta_{k+i}^{(1)}=M^{-1}m$
.
$[i=0$ $]$ $i=0$ , 1 $A^{L}Q_{k-L}r_{k}^{GB}$ $A^{L}Q_{k-L}U_{k-1}^{GB}$
. , $A^{L}Q_{k-L}r_{k}^{GB}-A^{L}Q_{k-L}\text{ _{}k-1}^{B}\beta\perp\overline{R}_{0}$ $\beta$ , $Ar_{k}^{GB}-AU_{k-1}^{GB}\beta_{k}^{(1)}\perp$
$(A^{r})^{L-1}Q_{k-L}(A^{*})\overline{R}_{0}$
$\beta$ , , 2
$\rangle$
$\overline{R}_{k-1}=$
$(A^{*})^{L-1}Q_{k-L}(A^{r})\overline{R}_{0}$ : $U_{k-1}^{GB}eiarrow U_{k}^{GB}e_{1}$ .
$\beta_{k}^{1)}=(\overline{R}_{0}^{*}A^{L}Q_{k-L}U_{k-1}^{GB})^{-1}(\tilde{R}_{0}^{l}A^{L}Q_{k-L}r_{k}^{GB})$ , $\beta_{k}^{1)}$ .
, 2 d) $m=-\gamma_{L}^{(m)}\tilde{R}_{0}^{*}A^{L}Q_{k-L}r_{k}^{GB}=\tilde{R}_{0}^{*}Q_{k}r_{k}^{GB},$ $M=-\gamma_{L}^{(m)}\tilde{R}_{0}^{*}A^{L}Q_{k-L}U_{k-1}^{GB}$
, $\beta_{k}^{1)}=M^{-1}m$ , $\beta_{k}^{(1)}$ .
$\beta_{k}^{t)}$ $(t=2, \ldots, s)$
$[i>0$ $]$ $\beta_{k+1}^{t)}$ , $A^{j}Q_{k}r_{k+i}^{GB}(j=0, \ldots, l)$
$A^{j}Q_{k}U_{k+i}^{GB}e_{v}(i=0, \ldots, i+1)(v=1, \ldots, t-1)$ $A^{j}Q_{k}U_{k+i-1}^{GB}e_{v}(i=0, \ldots, l)(v=t, \ldots, s)$ .
, $A^{j}Q_{k}U_{k+i-1}^{(\iota),GB}0=0,$
$\ldots,$
$l)$ , $A^{i}Q_{k}U_{k+i-1}^{(t),GB}$ .
$A^{i+1}Q_{k}U_{k+i}^{GB}e_{t-1}-A^{i}Q_{k}U_{k+i-1}^{(t).GB}\beta\perp\tilde{R}_{0}$ $\beta$ , 2 , $\overline{R}_{k+i-1}=(A^{*})^{i-1}Q_{k}(A^{*})\tilde{R}0$
, $A^{2}U_{k+i}^{GB}e_{t-}$ ] $-AU_{k+i-1}^{(t),GB}\beta_{k+i}^{t)}\perp\overline{R}_{k+i-1}$ . , $\beta_{k+i}^{t)}$ ,
$\beta_{k+i}^{t)}=(\tilde{R}_{0}^{*}A^{i}Q_{k}U_{k+i-1}^{(t),GB})^{-1}(\overline{R}_{0}^{*}A^{i+1}Q_{k}U_{k+i}^{GB}e_{t-}i)$ .
, $m=\overline{R}_{0}A^{t}Q_{k}r_{k+i}^{GB},$ $Me_{v}=\tilde{R}_{0}^{*}A^{i+1}Q_{k}U_{k+i}^{\circ B}e_{v}(v=1, \ldots, t-1),$ $Me_{v}=\tilde{R}_{0}^{*}A^{i}Q_{k}U_{k+t-1}^{GB}e_{v}(v=t, \ldots, s)$
, $\tilde{R}_{0}^{r}A^{i}Q_{k}U_{k+i}^{(t).GB}=[\prime nMe_{1}, \ldots, Me_{t-2}, Me_{t}, \ldots, Me_{s}]$ , $\beta_{k+i}^{t)}=$
$[m, Me\iota, \ldots, Me_{\iota-2}, Me_{t}, \ldots, Me_{s}]^{-1}Me_{t-1}$ , $\beta_{k+i}^{t)}$ .
$[i=0$ $]$ $i=0$ , 1 $A^{L}Q_{k-L}r_{k}^{GB}$ ,
$A^{L}Q_{k-L}U_{k-1}^{GB}e_{v}(v=t, \ldots, s)$ $Q_{k}U_{k}^{GB}e_{v}(v=1, \ldots, t-1)$ .
, $A^{L+1}Q_{k-L}U_{k}^{GB}e_{t-l}-A^{L}Q_{k-L}U_{k-1}^{\langle t).GB}\beta\perp\overline{R}_{0}$ $\beta$ , $A^{2}lF_{k}^{B}e_{t-1}-AU_{k-1}^{(t),GB}\beta_{k}^{t)}\perp$
$(A^{*})^{L-1}Q_{k-L}(A^{*})\overline{R}_{0}$
$\beta_{k}$ , , 2 ,
$\overline{R}_{k-1}=(A^{*})^{L-1}Q_{k-L}(A^{*})\tilde{R}_{0}$ , : $U_{k-1}^{CB}e_{J}arrow U_{k}^{GB}e_{t}$
. $\beta_{k}^{t)}=(\tilde{R}_{0}^{*}A^{L}Q_{k-L}U_{k-1}^{(t).GB})^{-1}(\tilde{R}_{0}^{*}A^{L+1}Q_{k-L}r_{k}^{GB})$ , , $\tilde{R}_{0}^{*}A^{L}Q_{k-L}U_{k-1}^{(t),GB}$
1, ..., $t-1$ , $\tilde{R}_{0}^{*}A^{L+1}Q_{k-L}U_{k}^{\circ B}e_{v}(v=1, \ldots, t-1)$ , . ,
, 2 d) , $-\gamma_{L}^{(m)}(\overline{R}_{0}^{*}A^{L+1}Q_{k-L}U_{k}^{GB}e_{v})=\overline{R}_{0}AQ_{k}U_{k}^{GB}e_{v}(v=1, \ldots, t-1)$
. , $Me_{v}=\overline{R}_{0}^{*}AQ_{k}U_{k}^{GB}e_{v}=-\gamma_{L}^{(m)}\overline{R}_{0}^{*}A^{L+1}Q_{k-L}U_{k}^{GB}e_{v}(v=$
$1,$
$\ldots,$ $t-1),$ $Me_{v}$ $=$ $-\gamma_{L}^{(m)}\overline{R}_{0}^{*}A^{L}Q_{k-L}U_{k-1}^{CB}e_{v}(v= t, \ldots, s)$ , $m=$ $-\gamma_{L}^{(m)}\overline{R}_{0}^{r}A^{L}Q_{k-L}r_{k}^{GB}$
, $-\gamma_{L}^{(m)}\overline{R}_{0}^{*}A^{L}Q_{k-L}U_{k}^{(t),GB}$ $=$ $[m, Me_{1}, \ldots, Me_{t-2}, Me_{t}, \ldots, Me_{s}]$ ,
$\beta_{k}^{t)}=[m, Me_{1}, \ldots, Me_{t-2}, Me_{t}, \ldots, Me_{s}]^{-1}Me_{t-i}$ , $\beta_{k}^{t)}$ .
, GBi-CGSTAB$(s, L)$ :
3 GBi-CGSTAB$(s, L)$
1. Select an $x_{0},$ $N\cross s$ matrices $\overline{R}_{0}$
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2. Set $U_{0}=[r_{0},Ar_{0}, \ldots,A^{s-1}r_{0}]$, Compute $U_{1}=\Lambda U_{0}$
3. $r_{0}=b-Ax_{0}$
4. $M=\overline{R}_{0}^{*}U_{1},$ $m=\overline{R}_{0}^{*}r_{0}$
5. Solve $M\gamma=m$ for $\gamma$
6. $r_{0}arrow r_{0}-U_{1}\gamma,$ $x_{0}arrow x_{0}+U_{0}\gamma$
7. $r_{1}=Ar_{0}$ , iter $=0,$ $\omega=-1$
8. repeat umtil $||r||<\epsilon$ (tolerance)
9. $Marrow-\omega M$
10. For $i=0,1,$ $\ldots,L-1$
11. If (iter $=0$)$\cap(i=0)i=1$
12. $marrow\tilde{R}_{0}^{*}r_{i}$
13. For $j=1,$ $\ldots,$ $s$
14. $if\circ=1)$
15. Solve $M\gamma=m$ for $\gamma$
16. $U_{k}e_{j} arrow r_{k}-\sum_{-,q\sim 1}^{s}U_{k}e_{q}\gamma(q)(k=0, \ldots, i)$
17. else
18. Solve $[m, Me_{1}, \ldots, Me_{j-2}, Me_{j}, \ldots, Me_{s}]\gamma=Me_{j-1}$ for $\gamma$






24. Solve $M\gamma=m$ for $\gamma$




29. For $j=1,2,$ $\ldots,L$
30. $\tau_{ij}=\frac{1}{\sigma_{f}}(r_{j}, r_{j}),$ $r_{j}=r_{j}-\tau_{ij}r_{j}(i=1,2, \ldots,j-1)$
31. $\sigma_{j}=(r_{j}, r_{j}),$ $\gamma_{j}’=\frac{1}{\sigma_{j}}=(r_{j}, r_{0})$
32. end
33. $\gamma_{L}=\gamma_{L}’,$ $\omega=\gamma_{L}$
34. $\gamma_{j}=\gamma_{j}’-\sum_{i=/+1}^{L}\tau_{ji}\gamma_{i}(i=L-1, \ldots, 1)$
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35. $\gamma_{j}’’=\gamma_{j+1}+\sum_{l--j+1}^{L-1}\tau_{ji}\gamma_{i+1}(i=1, \ldots,L-1)$
36. $x_{0}=x0+\gamma_{1^{\text{ }}0},$ $r_{0}=r_{0}-\gamma_{L}’r_{L},$ $U_{0}=U_{0}-\gamma_{L}U_{L}$
37. $U_{0}=U_{0}-\gamma_{j}U_{j}$ Ci $=1,$ $\ldots,L-1)$
38. $x_{0}=x_{0}+\gamma_{j}’’r_{j},$ $r_{0}=r_{0}-\gamma_{j}’r_{j}(i=1, \ldots,L-1)$
39. $rarrow r_{0}$ , iter $arrow$ iter $+(s+1)L$
40. end repeat








, GBi-CGSTAB$(s,L)$ , GBi-CG$(s)$
, .
, , GBi-CGSTAB$(s,L)$
. GBi-CG$(s)$ , $\text{ _{}\lceil N/s1^{=0}}^{GB}$
, GBi-CGSTAB$(s,L)$ $r_{\lceil N/s\rceil}=0$ . , GBi-
CGSTAB$(s,L)$ , , , $s$ $[r_{0},x_{0}, U_{-1}]$
, $[r_{L},x_{L}, U_{L-1}],$ $[r_{2L},x_{2L}, U_{2L-1}],$ $\cdots$ $L$ , ,
, , 1 $(s+1)L$
. , $(N/s)\cross(1/L)\cross(s+1)L=N+N/s$
. , GIDR$(s,L)$
, . , , GBi-CGSTAB$(s,L)$ $(=GIDR(s,L)$ $)$
$IDR(s)$ , Bi-CGSTAB$(s)$ N $+$ N/s
.
GBi-CGSTAB$(s,L)$ 2 . ,
[71 ( MVS) 1 . AXPY
, , 0.5 . DOT
. ,
$-$ 3 14$\sim$20 [10] . ,
: , .
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$N$ ( , $A$ ,
preconditioner , ).
2
, , $IDR(s)$ GBi-CGSTAB$(s, 1)$ $(=GIDR(s, 1)$ $)$ AXPY
. ,
, , AXPY
. ( , GBi-CGSTAB$(s, 1)$ $IDR(s)$
.)
5
, GIDR$(s,L)$ $(=GBi- CGSTAB(s,L)$ $)$ [10] ,
. Matlab 7.5 . ,
, Bi-CGSTAB$(L),$ $IDR(s)$ , GBi-CGSTAB$(s,L)(=GIDR(s,L))$ .
Bi-CGSTAB$(L)$ , $IDR(s)$ , [4], [7] .
shadow residual , $s=1$ $\overline{R}_{0}=r_{0}$ , $s>1$ $\tilde{R}_{0}$
$=r_{0}$ , .
, $s$ , $IDR(s)$ , GBi-CGSTAB$(s,L)$ shadow residual $\overline{R}_{0}$
. , $x_{0}=0$ . , $||r_{n}||/||b||<10^{-8}$
( , $r_{n}$ , $b-Ax_{n}$ , ).





. $F$ , $u$ $u(x,y,z)=$
$\exp(x,y,z)\sin(\pi x)\sin(\pi y)\sin(\pi z)$ . , $A$ ),
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Number of MA $T^{}$ $ECS$
6 $s=L=3$ 3 ( 1)
3Bi-CGSTAB$(L),$ $1DR(s)$
( 1) 4GBi-CGSTAB$(s, L)$
(
1)
3 52 . $125000\cross 125000$ .
, Bi-CGSTAB$(L)$ , $IDR(s)$ , GBi-CGSTAB$(s,L)$ , $s,L$
$s=1,2,3,4,$ $L=1,2,3,4$ . , . , 6(
), 3, 4( ) .




7 $s^{i}=L=3$ 3 ( 2)
5 Bi-CGSTAB$(L)$. $1DR(s)$
( 2) 6 GBi-CGSTAB$(s\cdot, L)$
(
2)
$\blacksquare$ 2 (raefsky2[2]) 2 , [2] ,
raefsky2 . $b$ 1 .
1 . 7( ), 5, 6(
) . , 2 , $IDR(s)$ , GBi-CGSTAB$(s,L)$
, Bi-CGSTAB$(L)$ .
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1, 2 , GBi-CGSTAB$(s,L)$ , , $IDR(s)$ , Bi-CGSTAB$(L)$
. ,
. , ‘GBi-CGSTAB$(s,L)$ $IDR(s)$ Bi-CGSTAB$(L)$
” .
6
shadow residual Bi-CG GBi-CG$(s)$ , GBi-CG$(s)$
$L$ GBi-CGSTAB$(s,L)$ . ,
GBi-CGSTAB$(s,L)$ GIDR$(s,L)$ . , GBi-
CGSTAB$(s,L)(=GIDR(s,L))$ .
, Bi-CG 7 . ,
ML$(s)BiCG$ , [9] shadow resid-
ual Bi-CG , 1 ML(s)BiCGSTAB (
) .
, shadow residual Bi-CG , ML$(s)BiCG$ , Bi-CG$(s)$ ,
.
, .
7 Bi-CG . $L$ .
$s$ shadow residual .
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